Extended / {R, Lm) gravity with generalized scalar field and kinetic term dependences 
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We generalize previous work by considering a novel gravitational model with an action given by 
an arbitrary function of the Ricci scalar, the matter Lagrangian density, a scalar field and a kinetic 
term constructed from the gradients of the scalar field, respectively. The gravitational field equations 
in the metric formalism are obtained, as well as the equations of motion for test particles, which 
follow from the covariant divergence of the stress-energy tensor. Specific models with a nonminimal 
coupling between the scalar field and the matter Lagrangian are further explored. We emphasize 
that these models are extremely useful for describing an interaction between dark energy and dark 
matter, and for explaining the late-time cosmic acceleration. 

PACS numbers: 04.50.Kd, 04.20.Cv, 04.20.Fy 



I. INTRODUCTION 

Scalar fields play a fundamental role in the cosmologi- 
cal description of our Universe [l| . One of the first major 
extensions of general relativity, proposed by Dicke and 
Brans 0-11]; conjectured that "Mach's principle" might 
lead to a dependence of the local Newtonian gravitational 
constant, G, since in most cosmological models the total 
mass M and radius of curvature of the Universe a(t) are 
related by an equation of the form G^^ ^ M/a{t)c^. 
Consequently, in the variational principle of general rel- 
ativity 0-11]: it was proposed to substitute G~^ with a 
scalar field and to also add to the action the kinetic 
energy corresponding to 0. Therefore, the variational 
principle of the Brans-Dicke theory can be formulated as 
5 J {(t)R -\-Lm- wVa(/'V^(/)/0) y/^d^x = 0, where R is 
the scalar curvature, Lm is the matter Lagrangian, and uj 
is a coupling parameter. The scalar-tensor gravitational 
models have been intensively investigated, and can be 
considered as a valid approach in explaining the recent 
accelerated expansion of the Universe, inferred from the 
Type la supernova observations According to stan- 
dard general relativity, the observed late-time cosmic ac- 
celeration can be successfully explained by introducing 
either a fundamental cosmological constant @ - which 
would represent an intrinsic curvature of space-time - or 
a dark energy - which would mimic a cosmological con- 
stant (at least during the late stage of the cosmological 
evolution), as the concordance of observations are still 
in favor of the A-CDM standard model 0], where A is a 
constant. One of the currently main dark energy scenar- 
ios is based on the so-called quintessence Q, where dark 
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energy corresponds to a new scalar particle $. 

After the Brans-Dicke proposal, other forms of scalar- 
tensor theoretical models were investigated. In particu- 
lar, one can extend the coupling of the scalar field and 
curvature to a nonminimal coupling, provided by F{(f>)R, 
where, for example, i^((/)) = 1 — ^f/)^, and ^ is a coupling 
constant 0] . In these types of models non- minimally cou- 
pled Higgs field with a large coupling ^ might give rise to 
a successful inflation Q , which is otherwise very difficult 
to be achieved [13] . One of the positive features of Brans- 
Dickc-like theories is that they seem to be generically 
driven toward general relativity during the cosmological 
evolution of the Universe [Tlj ]. 

Couplings between the scalar and the matter fields 
have been investigated as well [l^ - l20j . Indeed, such cou- 
plings generically appear in Kaluza-Klein theories with 
compactified dimensions [2l| or in the low energy effec- 
tive limit of string theories [l^, [3 EE]- the latter 
context, some authors proposed that the dilaton could 
be a good candidate for the quintessence [l3] or the in- 
flaton [l^. But even from a phenomelogical point of 
view, it has been argued that specific restrictions such as 
gauge and diffeomorphism invariances essentially single 
out a particular set of effective theories which turns out 
to be Brans-Dicke- like theories with scalar/matter cou- 
pling [ll] . A good feature of such theories is that under 
various assumptions - and similarly to Brans-Dicke-like 
theories without scalar/matter coupling - they seem to 
be driven toward a weak coupling through cosmological 
evolution [l^. Therefore, they seem to be able to explain 
the current tight constraints on the equivalence principle 
without fine-tuning parameters p^ . 

More recently, it has been argued that a scalar/matter 
coupling could be responsible for a dependency of the ef- 
fective mass of the scalar-field upon the local matter den- 
sity [13] . Such a scalar- field has been dubbed chameleon 
as "in regions of high density, the [scalar-field] chameleon 
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blends with its environment and becomes essentiall y in - 
visible to searches for EP violation and fifth force" j23| . 

The possibility of a nonminimal coupling between 
matter and geometry, somehow similar to the coupling 
between the scalar field and curvature in the Brans-Dicke 
theory, with the matter Lagrangian playing the role of 
(j), was considered in [2^ . [25| . in the framework of the 
so-called f(R) models of gravity [26l-[28|. and further 
extended in [231 ■ extension of the f{R) gr avity 

model, called f{R,(l)) gravity was also proposed in j3G |. 
and further discussed and generalized in [31[ . The action 
considered for the f{R, (j)) gravity model is given by S* = 
/ [fiR, 0)/2 - w(</.)V^0V^0 - Viq^) + f3Lm] V^d^x//3, 
where /3 is a constant. In this context, the maximal 
extension of the standard Hilbcrt-Einstein action of 
general relativity, S = J {R/lQnG + L,„) y/^gd^^x, was 
considered in |32| . where the f{R) type gravity models 
were maximally generalized by assuming that the gravi- 
tational Lagrangian is given by an arbitrary function of 
the Ricci scalar R and of the matter Lag 

that S = / / (i?, im) yf^d'^X. 

It is the purpose of the present paper to consider a 
generalized / (i?, L^) type gravity model, in which, be- 
yond the ordinary matter, described by its thermody- 
namic energy density p and pressure p, the Universe is 
filled with a scalar field (p. Consequently, in the gravita- 
tional action the scalar field, as well as its kinetic energy, 
Vp0V^(/) are also present, and the Lagrangian takes the 
form Lgrav = f {R,Lm,4','^ ^.4>^^4>)j where / is an ar- 
bitrary function. Therefore, in these models an explicit 
nonminimal coupling between matter and the scalar field 
is also allowed. As a first step in our study we obtain the 
gravitational field equations in the metric formalism, and 
the equations of motion for test particles, which follow 
from the covariant divergence of the stress-energy tensor. 
Some specific models with nonminimal scalar field-matter 
coupling are further explored. 



II. GRAVITATIONAL FIELD EQUATIONS 



By assuming that the matter Lagrangian density de- 
pends only on the metric tensor components g^i/, and not 
on its derivatives, we obtain the stress-energy tensor as 



Mr. 



(3) 



Furthermore, we assume that the scalar field (j) is inde- 
pendent of the metric, i.e., 5(f>/5g^^^ = 0. In the following 
we will denote, for simplicity, (V0) = g'^^V^^V^^. 

By varying the action S of the gravitational field with 
respect to the metric tensor components 5'*'^, we obtain 



the field equations of the / 
tional model as 



gravita- 



where the subscript of / denotes a partial derivative with 
respect to the arguments, i.e., fa = df/dR, Jl^ ~ 

Now varying the action with respect to 0, provides the 
following evolution equation for the scalar field 



where ^ df/dcj) and 
1 d 



□ 



dx" 



(5) 



(6) 



is the generalized D'Alembert operator of 
/(i?,L„,0,V^</.V'^0) gravity. 

The contraction of Eq. (|4]) provides the following rela- 
tion between the Ricci scalar R, the matter Lagrangian 
density L^, the derivatives of the scalar field, and the 
trace t ~ oi the "reduced" stress-energy tensor, 



We assume that the action for the modified theories of 
gravity, considered in this work, is given by 

S = J f{R, L™, 0, ,g'^''V^0V.0) d^x, (1) 

where ^—g is the determinant of the metric tensor 
and / (i?, (j), g^'^V ^<j)V ^(p) is an arbitrary function of 
the Ricci scalar i?, the matter Lagrangian density, Lm, 
a scalar field 0, and the gradients constructed from the 
scalar field, respectively. The only restriction on the func- 
tion / is to be an analytical function of i?, L™, (/>, and 
of the scalar field kinetic energy, respectively, that is, / 
must possess a Taylor series expansion about any point. 
We define the "reduced" stress-energy tensor as [s^ 



(2) 



fnR + 3V^V^/« - 2 (/ - /l„ L™) 



(7) 



By taking the covariant divergence of Eq. (U), we ob- 
tain for the covariant divergence of the "reduced" stress- 
energy tensor the following expression 



/*v^a>) (8) 



This relationship was deduced by taking into account 
the following mathematical identities 



(v,n - Dv,) fR 



1. 



(9) 
(10) 
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and used the fact that we consider torsion-free space- 
times such that: 

[V,V, - VeV,] = 0, (11) 

where ip is any scalar-field. Now, using Eq. 1^ we get 

{fL^r^a)=L,^'^^.fL^- (12) 

For ^ = 0, Eqs. (j4]) reduce to the field equations of the 
/ {R, L„i) model considered in [s^]- For $ ^ 0, one recov- 
ers the good conservation equations for either general rel- 
ativity and Brans-Dicke-like scalar-tensor theories (with 
and without scalar/matter coupling [l^). For instance, 
the total Lagrangian of the simplest matter-scalar field- 
gravitational field theory, with scalar field kinetic term 
and a self-interacting potential V{4)) corresponds to the 
choice 



R 



A 



/ = Y + L„, + -.g'^''V^0V,0 + y(0), (13) 

where A is a constant. The corresponding field equations 
can be immediately obtained from Eqs. (|4]) as 



= Tuu - AVu^Vt. 



A 



9^.- (14) 



The scalar field satisfies the evolution equation 



1 



d 



-99 



d<i) 



A d(f> '■ 



(15) 



while the stress-energy tensor satisfies the conservation 
equation 



0. 



(16) 



III. MODELS WITH NONMINIMAL 
MATTER-SCALAR FIELD COUPLING 

As an example of the application of the formalism de- 
veloped in the previous section, we consider a simple 
phenomenological model, in which a scalar field is non- 
minimally coupled to pressure-less matter with rest mass 
density p. For the action of the system, consider 



S 



|-F(0)p + A5^''V^0V,<; 



-gd-^x, (17) 



where F{(j)) is an arbitrary function of the scalar field 
that couples non-minimally to ordinary matter. The field 
equations for this model are given by 



-2A 



(18) 



where is the four-velocity of the matter fluid. The 
scalar field satisfies the evolution equation 



n , 1 dF{4,) 



(19) 



where □ is the usual d'Alembcrt operator defined in a 
curved space. The total stress-energy tensor of the scalar 
field-matter system is given by 



F{(j))pUf^Uy + 2A 



(20) 

Through the Bianchi identities, the covariant diver- 
gence of T^"' must be zero, that is, V^,T^''' = 0. In the 
following, we assume that the mass density current is 
conserved, i.e., V^/ {pu'^) = 0. Using the latter condition, 
and the mathematical identity (|lip . we obtain first 

F((j))p iu'^V^u^') + pu'^u'^'^^^^V^cj) + 2A (V^^) 00 ^ 0. 

d4> 

(21) 

By eliminating the term □(/) with the help of Eq. ()19p . 
we obtain 



— lnF(0) 



(u''u''V^(/) - V^) = 0. (22) 



Using the identity u^V^u^' = + F^^u^u'', where 
are the Christoffel symbols corresponding to the 
metric, the equation of motion of the test particles non- 
minimally coupled to an arbitrary scalar field takes the 
form 

d^xf" 



■lni^(0) (u^u'^V^.^ - V^0) = 0. 

(23) 

A particular model can be obtained by assuming that 
F{4>) is given by a linear function. 



F(0) 



A + 1 



1 + ^(A-1) 



(24) 



where A is a constant. Then the equation of motion 
becomes 



~d^ 



A- 1 



l + —(l> =0. 

(25) 

In order to simplify the field equations we adopt for A 
the value A = - (A^ - l) /8. Then Eq. dH]), determining 
the scalar field, takes the simple form □(/) — p. 

The gravitational field equations take the form 



A + 1, 



-T„, 



(26) 



with the total stress-energy tensor given by 
A-1 



T — 



1 



A-1 



(27) 
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For A = 1 we reobtain the general relativistic model for 
dust. Other possible choices of the function F{cf>), such 
as F{(j)) = exp(0), can be discussed in a similar way. 

A more general model can be obtained by adopt ing for 
the matter Lagrangian the general expression [34l436l | 



P + P 



dp{p) 



pip) 



(28) 



where p is the rest-mass energy density, p is the ther- 
modynamic pressure, which, by assumption, satisfies a 
barotropic equation of state, p = p{p). By assuming that 
the matter Lagrangian does not depend on the deriva- 
tives of the metric, and that the particle matter fluid 
current is conserved [V^ [pu'^) = 0], the Lagrangian given 
by Eq. ()28|) is the unique matter Lagrangian that can be 
constructed from the thermodynamic parameters of the 
fluid [13 . 

The gravitational field equations and the equation de- 
scribing the matter-scalar field coupling are given by 



F{(j)) e Uf_,Uy - pg^^u -f AQ^^., (29) 



^ 2X d<h ' 



(30) 



where Q^j^ = V ^ xfl^^ ^ 'f'g : and where the 
total energy density is e — p + p J dp/ p — p [13, H^. With 
the use of the conservation equation V ^ [pu^) = 0, one 
obtains the equation of motion of massive test particles 
as 



ds2 



V^ln 



1+/^' 



= 0, 



(31) 

The equation of motion (jSTJ can also be derived from 
the variational principle 5 J ^^1 + J dp/ py/gf^uUt^W^ds = 
0. Models with scalar field-matter coupling were con- 
sidered in the framework of the Brans-Dicke theory 
[isj , with the action of the model given by S' = 
/ [(Ai?/2 + {u:/4>) Vf,4>V''(j) + F{(t>)Lm\ ^d'^x. Such 
models can give rise to a late time accelerated expansion 
of the Universe for very high values of the Brans-Dicke 
parameter uj. Other models with interacting scalar field 
and matter have been considered in jT^]. We emphasize 
the the gravitational theory considered in this work gen- 
eralizes all of the above models. 



been computed. Specific models with a nonminimal in- 
teraction between the scalar field and ordinary matter 
were explored. These models can be extremely useful in 
describing the interaction between dark energy, modeled 
as a scalar field, and dark matter, with or without pres- 
sure, respectively. Moreover, they can provide a realistic 
description of the late expansion of the Universe, where 
a possible interaction between ordinary matter and dark 
energy cannot be excluded a priori ^ . Work along these 
lines is presently underway and the cosmological conse- 
quences of the present theory will also be investigated in 
detail in a future publication. 
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IV. CONCLUSION 



In the present paper we have presented a novel gravi- 
tational theory where the Lagrangian is given by an ar- 
bitrary function of the Ricci scalar, matter Lagrangian, 
a scalar field and its kinetic term, respectively. The field 
equations for this model were obtained for the general 
case, and the divergence of the stress-energy tensor has 



^ Let us note that such an interaction may bo a good alternative 
to dark matter l20t . 
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